Staggered-Ladder Quasienergy Spectra for Generic Quasimomentum and 

Quantum-Dynamical Manifestations 
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A new kind of regular quasienergy (Floquet) spectrum is found for the generalized kicked 
particle under quantum-resonance conditions at generic quasimomentum, a quantity most relevant 
in atom-optics experimental realizations of kicked-rotor systems. The new non-Poisson regular 
spectrum has the structure of a staggered ladder, i.e., it is the superposition of a finite number 
of ladder subspectra all having the same spacing, which is independent of the nonintegrability of 
the system. This spectral structure is shown to have distinct quantum-dynamical manifestations: 
A suppression of quantum resonances and a novel type of dynamical localization characterized by 
unique features such as traveling-wave components in the time evolution. These phenomena are 
found to be robust under small variations of the quasimomentum and should therefore be exper- 
imentally observable using Bose-Einstein condensates with sufficiently small quasimomentum width. 
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The nature of the energy and quasienergy spectra of 
quantum systems whose classical limit is nonintegrable 
has been the subject of an enormous number of studies 
during the last four decades. Classically integrable sys- 
tems generally feature "regular" energy spectra [1[ with 
a Poisson level-spacing distribution [25. For completely 
chaotic systems, this distribution is of Wigner type [3j. 
The distribution for systems with a mixed phase space 
is, under some assumptions, a weighted superposition of 
Poisson and Wigner distributions associated with the reg- 
ular and chaotic phase-space regions [J]. 

For time-periodic quantum systems, the energy is re- 
placed by the quasienergy (QE), giving the eigenvalues 
of the one-period evolution (Floquet) operator. Paradig- 
matic and realistic models are the kicked-rotor systems 
[5I-I22I exhibiting a variety of phenomenajthe most well- 
known one being dynamical localization [5|, i.e., a quan- 
tum suppression of the classical chaotic diffusion for ir- 
rational values of a scaled Planck constant ftg- This phe- 
nomenon can be attributed to an Anderson-like localiza- 
tion of QE eigenstates in angular- momentum space [6|. 
This localization was numerically found to imply a Pois- 
son QE level-spacing distribution [9| . Other distributions 
were found for rational values of hg [10|, lUl- The QE 
levels for rational hs actually correspond to bands [12| . 
giving a continuous QE spectrum. This leads to another 
well-known phenomenon, quantum resonance [5|, |8|, Il2l | , 
a quadratic growth in time of the mean kinetic energy. 

During the last two decades, kicked-rotor systems have 
been experimentally realized using atom-optics tech- 
niques with cold atoms or Bose-Einstein condensates 
(BECs) [H-iil. This allowed to observe in the labo- 
ratory several quantum-chaos phenomena, including dy- 
namical localization and quantum resonance [16| , and to 
verify theoretical predictions. In the experiments, the 
kicked rotor and variants of it were actually realized as 
kicked-partic/e systems, since atoms move on lines and 



not on circles like rotors. These realizations are based on 
the fact that a kicked particle reduces to a generalized 
kicked rotor at any fixed value of the conserved quasi- 
momentum f3 of the system IJ] (see also below). The 



usual kicked rotor, whose QE spectral statistics has been 
studied as mentioned above, corresponds to the particu- 
lar case of /3 = 0. However, several important phenom- 
ena arise for arbitrary /3 and have been experimentally 
realized 18l-l2l|. Quantum resonance strictly occurs for 
rational values of both hg and /? [ij, ll5| but it has ex- 
perimentally observable effects also for rational h^ and 
general /3 near the strict rational value if BECs with suf- 
ficiently small quasimomentum width are used 18J, |l9| . 

In this paper, we show that QE spectra for rational 
hs and generic /3 exhibit a new kind of regularity having 
several quantum-dynamical manifestations which should 
be experimentally observable. The new now-Poisson reg- 
ularity turns out to affect significantly the QE spectra 
for generic /3 relative to those for /3 = 0. We consider 
the generalized quantum kicked particle, described by the 
Hamiltonian 



H 



2 



kV{x) J2 ^it-s), 



(1) 



where x and p are scaled dimensionless position and 
momentum operators ([a:,p] = ih, with h denoting a 
scaled Planck constant), A: is a dimensionless noninte- 
grability parameter, and V{x) is a general 27r-periodic 
potential. We show that the QE spectrum of ^ for ra- 
tional hg = ft/(27r) and generic /3 has a staggered-ladder 
structure, i.e., it is the superposition of a finite number of 
ladder subspectra all having the same spacing, which is 
independent of the nonintegrability kV{x). For irrational 
/3, each subspectrum is a dense ladder of levels covering 
all the QE range. For strict quantum resonance, i.e., ra- 
tional /3, each subspectrum is a finite ladder of bands 
and essentially no ladder regularity occurs for /3 — 0, 
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FIG. 1: (Color online) Dimensionless QE spectra oj of ([T]) 
as functions of the scaled Planck constant hs = h/{2-n) for 
k/h = 0.1, V{x) = cos(a;), and: (a) /3 = (usual kicked 
rotor); (b) j3 — 0.2, featuring spectral ladders with dominant 
spacing Ao; = 27r/5. These ladders are indicated by the left 
and right solid (red) segments. In both cases, hs takes all 
rational values in [0, 1) with denominators < 25. 



see Fig. 1. Staggered- ladder spectra were first discov- 
ered for the Fokker-Planck equation 23| and consist of 
tvifo ladders. In our case, the number of QE ladders can 
be arbitrary. We show that this QE spectral structure 
has distinct quantum-dynamical manifestations: A sup- 
pression of quantum resonances and a novel type of dy- 
namical localization, basically different from the known 
one for irrational hg and /3 = [5|, |6| in several features, 
such as traveling- wave components in the time evolution. 
These phenomena are shown to be robust under small 
variations of /3 and should therefore be experimentally 
observable using BECs with sufficiently small quasimo- 
mentum width. 

We first summarize relevant known facts [IJ] about the 
system ([1]). The one-period evolution operator for ([T]) is 



U = exp[-if / {2h)] e:ij>[~ikV{x)/h]. 



(2) 



The QE states ^^^(x), with the QE uj ranging in the 
interval < w < 2tt, are the eigenstates of ([2|): 



U'i'^ix) = exp(-iw)*„(x). 



(3) 



The 27r-periodicity of ([2]) in £ implies that ^^^ (x) can be 
chosen to have the Bloch form: 



finds [iJI that ipp^uiix) is an eigenstate of 

Up = exp[-i(]5 + I3h)^/{2h)] cxj>[-ikV{x)/h] (5) 

with eigenvalue exp(— icj). Due to the 27r-periodicity of 
'ipp.uiix), one can interpret p in Eq. ([5|) as an angular- 
momentum operator with eigenvalues nh {n integer). 
Then, Up is the evolution operator of a "/3-kicked-rotor" 
with angle 9 = x and /3 is conserved during the evo- 
lution. To illustrate this conservation and the physi- 
cal meaning of /3, assume an initial momentum state 
(/)(x) — exp{ipx/h). This can be written in the form ^ 
as exp(i/3a;) exp(ma;), where /3 and n are, respectively, 
the fractional and integer parts of p/h. Then, after s 
kicks, this state will evolve to a state having still the 
form (j4]) with the same /3: (/)(a:; s) — exp(j/3x)(/30(a;; s), 
where ipp{x;s) is 27r-periodic in x. The usual kicked ro- 
tor corresponds to /3 = 0. 

We now introduce the operators Tj — exp{2TTijx/h) for 
all integers j. From [x,p\ = ih or x = ihd/dp, we see that 
Tj is just a translation exj>{— 271 jd/ dp) in momentum by 
— 27rj. This implies that 



f.^-wVim 



^~ip /{2h)^-2iTr j /h^2Trijp/hji /g\ 



In turn, since p = —ihd/dx, eyi'p{2Tri j p/h) in Eq. (|6]) is 
a translation exp{2T: jd/dx) in x by 27rj. Like Tj, this 
translation obviously commutes with V{x). Then, by 
applying Tj to both sides of (|3]), using (H]), dH), and the 
notation hg = h/{2Tr), we easily find that the state 



T,*^(a;) = e:>q)[i{l3 + j /hs)x]ipp^^{x) 



(7) 



is an eigenstate of U with QE 

ujj ^uj + 2ttj13 + TTf/hs mod(27r). (8) 

In addition, the state ([7]) can be written as a Bloch state 
exp{i/3jx)ipp\^{x) having quasimomentum 

/3j=/3 + jMs mod(l) (9) 

and a 27r-periodic part (eigenstate of the /3j-kicked-rotor) 

'^^Icji^) = exp{injx)ipp^^{x), (10) 

where rij is the integer part oi P + j/hs- 

For rational fig = l/l (l and q are coprime integers) 
and j — rl (r arbitrary integer), Eqs. ([5])- P^ reduce to 

ujri=uj + 27rrl{l3 + q/2)raod{2Tr), /3w = /?, (H) 



^i^{x) = exp(i/3a;)-0,3,c;(a;) 



(4) 



where /? is the quasimomentum (0 < /3 < 1), whose 
meaning is briefly explained below, and ipp^u){x) is 27r- 
periodic in x. After inserting (U) into Eq. ([3]), one easily 



C(-) 



:exp(irqa;)V'/3,c^(a;)- 



(12) 



Eq. ([TT|) means that the levels LUri form a QE ladder sub- 
spectrum of the /3-kicked-rotor, with spacing independent 
of the nonintegrability. For irrational /3, the ladder pT|) 



covers densely the entire QE range. We show in what 
follows that w in Eq. (jlip can take only q independent 
values, so that the full QE spectrum of the /3-kicked-rotor 
is the superposition of q ladders ([TT|) . We start from the 
case of rational /?. In this case, we see that a ladder pT|) 
consists of g levels with spacing Aw — 27r/g, where g is 
the smallest integer such that gl{l3 + q/2) is integer; see, 
e.g., Fig. 1(b) for /3 = 1/5. For /3 = 0, there are either 
no ladders (5 = 1 for q even) or trivial ladders with spac- 
ing Aoj — n {g — 2 ioT q odd), so that almost no ladder 
regularity occurs, see Fig. 1(a). 

Next, it is easy to check that the momentum trans- 
lation Tgi = exp{igqx) commutes with the /3-kicked- 
rotor evolution operator ([5]). Then, using standard meth- 
ods [Sl, I12I, [2^ , one can find simultaneous eigenstates of 
exp{igqx) and Up with respective eigenvalues exp{igqa) 
and exp[— iwf,(a,/3)]. Here < a < 2-1: /{gq) and h — 
1, ■■■■,gq is an index labeling gq QE bands ajb(a,/?), each 
spanned by a. These gq bands give the full QE spectrum 
of [//3. Since any QE uj must belong to a ladder subspec- 
trum ([TT|) of g levels, it follows that the QE spectrum 
is the superposition of q ladders of g bands each; such a 
ladder is given by Eq. (jlip with lo being one of q bands 
iJJc{a^ /3), c—1, ...,(7. As gq — > 00, the width of each band 
should decrease and vanish as for the usual kicked rotor 
(^ = 0, 5 = 1 or 2) [12]. This holds exactly for q = 1 and 
general potential y(i:) [15[- We have extensively checked 
numerically that it holds also for g > 1. The q finite 
band ladders will then reduce to q dense ladders of levels 
in the limit 17 — )■ cx) of irrational /3. 

Let us now consider quantum-dynamical manifesta- 
tions of this staggered-ladder QE spectrum. A band con- 
tinuous spectrum leads to quantum resonance [12lll4ll5. 
18| , a quadratic growth in time of the mean kinetic energy 
of the /3-kicked-rotor. Due to the decrease and vanishing 
of the bandwidth as g —> cxd, the 1/ q quantum resonance 
for rational /3 7^ should be generally suppressed relative 
to /3 = and replaced by dynamical localization for irra- 
tional p. This can be clearly seen in Fig. 2. The inset of 
this figure shows that the quantum-resonance suppres- 
sion is visible for experimentally realistic values [18l| of 
quasimomentum uncertainty A/3 and number of kicks. 

The dynamical localization for irrational /3 is basically 
different from the usual one for irrational hg '51, iGl] in 
several aspects. First, all the QE eigenstates (|T2|) are ob- 
tained by applying the momentum translations exp(ir(7x) 
[with nh — >■ (n — rq)fi\ to just q independent eigenstates 
corresponding to the q independent values of uj giving 
the ladders (|lip . This implies, e.g., that two initial mo- 
mentum states differing by r' qh (r' integer) will evolve 
to states whose localized momentum probability distri- 
butions coincide up to a momentum shift of r'qh. This 
is illustrated in Fig. 3 for g = 3 and r' = 5, assuming a 
realistic quasimomentum width A/3 for BECs. 

Second, the expectation value of any physical observ- 
able for irrational /3 will evolve in time with a frequency 
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FIG. 2: (Color online) Scaled mean kinetic energy S{p^ /2) 
{S is a scaling factor) vs. kick number for a zero-momentum 
initial state, k — 5, V{x) = cos(a;), ha = 1/2, and, in order of 
descending curves: /3 = 0, S = 4-10-*; /3 = 1/2, S = 4- 10~^ 
13 = 1/3, S = 0.01; /3^2-^/3, S=l (dynamical localiza- 
tion). The inset shows S{f /2) after 30 kicks vs. A/3 = P-jio 
in the first three cases above: /3o = 0, S = 0.05; /3o = 1/2, 
S — 0.5; /3o = 1/3, S — 0.75 (in order of descending curves). 




FIG. 3: (Color online) Dynamically-localized momentum 
probability distributions, averaged over a quasimomentum 
width of A/3 = 0.06, evolved after 20 kicks from the two 
momentum states with p = Q and p — —15h for fc = 5, 
V{x) = cos(2;), h, = 1/3, and /3 = 2 - V3. Clearly, the 
distributions coincide up to a momentum shift of 15fi. The 
inset shows the localized momentum probability distributions 
of the q = 3 independent QE eigenstates in this case. 



(Fourier) spectrum u given by the differences of all q lad- 
ders pT|) : 1/ = ojc — i^c' +2nrl{l3 + q/2) mod(27r); here Wc, 
LOc' are any two of the q independent levels uj defining the 
ladders (|1I|) and r is an arbitrary integer. This gives a 
staggered-ladder frequency spectrum which is symmetric 
around the central ladder for c = c': i' — 27rr/(/3 -I- q/2) 
mod(27r). Clearly, this ladder is completely independent 
of the nonintegr ability, as illustrated in Fig. 4. 

Third, consider the most general wavepacket associ- 
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FIG. 4: (Color online) Fourier transform F{u) of the mean 
kinetic energy {p^ /2) vs. kick number for a zero-momentum 
initial state, V{x) = cos(a;), Hb — 1/2, 13 — 2 — \/3, and: (a) 
k — 5; (b) fc = 8. The arrows indicate the central ladder 
of frequencies f — 27rr/3 mod(27r), r = ±1,...,±4, clearly 
independent of the nonintegrability k. 



ated with a ladder subspectrum (jlip . This is an arbitrary 
linear combination of the eigenstates ((T2|) : 



where 



(/)^(a;) = V/3,u;(a;)x(a;), 



x(a;) = X! ^"^ exp(Jr(7a:) 



(13) 



(14) 



and Cr are arbitrary coefHcients. Using Eq. (|lip and 
the fact that p2|) is an eigenstate of t/^ with eigenvalue 
exp(— jWri), we find that after s kicks the wavepacket (J13p 
with P^ will evolve to 

</)0(a:; s) = tJl^0{x) = e-'"^^0.c.(2:)x(a: - /3'fe), (15) 

where /3' = /3 + q/2 mod(l). Thus, the evolving 
wavepacket (|15p contains a traveling-wave component 
x(x — P'hs) moving without change of shape at con- 
stant velocity (3'h. We now show that this component is 
clearly exhibited by |0/3(a;; s)p, without being masked by 



ipp,u]{x) in Eq. (|T5|) . in at least two cases. The first case 
is that of the main quantum resonances, h^ = I [q — 1). 
Since the eigenvalues of p/h in Eq. ([5]) are integers, it is 
easy to see that Up can be expressed in this case as 

Up = exp(-i7r;^2) exp(-i/3']3) exp[-ifcT/(x)/n]. (16) 

The second exponential in Eq. (J16l) is just a translation 
in X by —/S'h. We then get the exact result 

(j)l3{x; s) = Up(l)fj{x) = exp[-ir/^(x; s)](/>/3(a;-/3'fo), (17) 
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FIG. 5: (Color online) (a) Time (s) evolution of \(j)0{x;s)\'^ , 
averaged over a quasimomentum width of A/3 — 0.06, for 
k = 10, V{x) — cos(a;), fts = 1, /3 = 2 — \/3, initial state 
[l + exp(— 2;)]/\/47r, and: s = (solid line), s — 1 (blue dashed 
line), s — 2 (red dot-dashed line), s — 3 (magenta dotted line), 
(b) Similar to (a) but with the following changes: k = 0.1, 
fts = 1/2 {q — 2), and initial state [1 -I- exp(— 2a;)]/v47r. In 
both cases, especially in case (a) for g = 1, we see that a 
traveling-wave evolution occurs to a good approximation. 



where rjjs^x; 



ttIs^^ + kJ2tn^iV{x - P'hm)/h. 



Thus, one always has the exact traveling- wave behavior 
|(/)^(a:;;s)|^ = |(/)^(x—/3'fts)p for general initial wavepacket 
4'p{x) = x(a:), given by Eq. (ITU) with q = 1. 

The second case is that of arbitrary q for sufficiently 
small nonintegrability k. In this case, the dynamical- 
localization length for irrational /3 will be small and the 
QE eigenstate ipp^uiix) in Eqs. (fT3l) and ([T5|l will be 
close to a pure angular-momentum state exp(ina;). Then, 
starting from the state (t>p{x) = exTp{inx)x{x), for any in- 
teger n and arbitrary xi^) i'^ Eq. (HH), |0^(a;; s)p should 
exhibit approximately a traveling-wave evolution. Fig. 5 
shows that this evolution indeed holds to a good approx- 
imation in the two cases considered even when a realistic 
quasimomentum width of BECs is assumed. The sim- 
ple initial states used in Fig. 5 are superpositions of two 
momentum states and can be experimentally realized as 
described in works IT], [iQj . 

In summary, we have presented the first case of 
a staggered-ladder QE spectrum, exhibited by the 
paradigm ([1]) of classically nonintegrable systems under 
the experimentally realizable conditions of quantum res- 
onance for generic quasimomentum /3; the case of /? = 
(usual kicked rotor) turns out to be non-generic. The new 
regular QE structure implies novel quantum-dynamical 
phenomena which persist when averaged over realistic 
quasimomentum widths A/3 of BECs and should there- 
fore be experimentally observable. 
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